Two methods are proposed to evaluate the second-order elastic constants of quantum mechanically treated solids. One method is based on path-integral simulations in the NVT ensemble using an estimator for elastic constants C i j . The other method is based on simulations in the NpT ensemble exploiting the relationship between strain fluctuations and elastic constants. The strengths and weaknesses of the methods are discussed thoroughly. We show how one can reduce statistical and systematic errors associated with so-called primitive estimators. The methods are then applied to solid argon at atmospheric pressures and solid helium 3 ͑hcp, fcc, and bcc͒ under varying pressures. Good agreement with available experimental data on elastic constants is found for 3 He. Predictions are also made for the thermal expectation value of the kinetic energy of solid 3 He.
I. INTRODUCTION
The quantum nature of atomic motion alters thermal and mechanical properties of condensed matter at low temperatures. The most striking feature is the well-known quantum mechanical freezing of solids below the Debye temperature: Specific heat and thermal expansion vanish as the temperature approaches absolute zero. 1 This behavior is different from what we would expect from classical statistical mechanics. A ''classical solid'' typically has a constant positive expansion coefficient at low temperatures and a specific heat close to 3k B per atom.
Path integral Monte Carlo ͑PIMC͒ ͑Refs. 2-5͒ and path integral molecular dynamics ͑PIMD͒ ͑Refs. 6,7͒ are convenient numerical methods to predict the proper lowtemperature properties of condensed matter, provided that model potentials are available that describe the interatomic interactions sufficiently well. So far, most PIMC and PIMD studies have been restricted to the calculation of structural and thermal properties of quantum solids or to the calculation of equations of state of condensed rare gases. The computation of the tensor of the elastic constants, which is an important material property in many engineering applications, however, has not been put forward yet in the framework of path-integral simulations.
The proper evaluation of the elastic constants is far more complicated than textbooks on solid state physics make us believe, because it is not sufficient to calculate second derivatives of interaction potentials at equilibrium ͑or thermal͒ positions and construct from this the various C i j . As shown by Squire, Holt, and Hoover, 8 thermal fluctuations of a generalized strain tensor can alter elastic constants significantly. Of course, quantum fluctuations can be expected to result in a similar effect. These fluctuations vanish at small temperatures for classical systems, but they do not necessarily vanish for quantum mechanical systems. Another difficulty is that quantum solids do not adopt a configuration at Tϭ0 K where the potential energy surface is minimized. Instead, the atoms also probe nonharmonic parts of the potentials due to quantum fluctuations, typically leading to lattice constants that are slightly increased with respect to the equivalent classical system.
In this paper, we want to propose two methods which enable us to determine accurately elastic constants of solids such that quantum effects of the atomic motion are fully included in the treatment. One possibility is to use the definition of the elastic constants as the second derivative of the free energy with respect to strain tensor elements and evaluate the final expression in the NVT ensemble. This procedure is similar to the method proposed by Squire, Holt, and Hoover, 8 with the difference that our partition function is quantum mechanical. Alternatively, one can perform simulations in the NpT ensemble and relate the fluctuations of the strain tensor to the elastic constants as has been done originally by Parrinello and Rahman for classical systems. 9 Both methods are prone to produce large statistical error bars. In classical simulations, the computation of elastic constants using the NpT ensembles is known to be much less efficient than in the NVT ensemble. 10 However, the estimator derived for the quantum simulations in the NVT ensemble can be expected to become unreliable when the Trotter number P in the path-integral simulation becomes large, very similar to the so-called primitive estimator for the kinetic energy. 11 It is thus necessary to discuss the prospective statistical errors in detail.
It is important to note that presently only isothermal quantum mechanical elastic constants can be calculated. Adiabatic elastic constants can only be obtained if simulations are carried out in the NVE ensemble or the NpH ensemble. 9 Constraining the energy E or the enthalpy H to constant values in the simulation does not necessarily correspond to conserved E or H of the real quantum system. The remainder of this paper is organized as follows. In Sec. II, the equations are derived that allow the correct determination of all C i j in the NVT ensemble in terms of a path integral formulation. In this context, we will give an in depth discussion of the statistical errors that will arise as a consequence of the corrections to C i j associated with the quantum mechanical kinetic energy. It will be shown how simple corrections to primitive estimators can reduce their statistical uncertainties considerably. We will also briefly review the method to determine C i j in the NpT ensemble as well as the simulation algorithm that is used for the applications. In Sec. III, the methods will be applied to the calculation of elastic constants of solid argon as well as of fcc, bcc, and, hcp 3 He. In the case of 3 He, the corrections to primitive estimators will also be used to make predictions for thermal expectation values of the kinetic energy. Conclusions are drawn in Sec. IV.
II. THEORY

A. Derivation of elastic constants
As pointed out correctly for classical systems 8 , isothermal elastic constants 12 C i j are insufficiently described if they are evaluated solely on the basis of averaging the so-called Born contribution
which is the thermal average of the second derivative of the potential energy V pot with respect to strain tensor elements ⑀ i and ⑀ j in the NVT ensemble. The full elastic constants are obtained if ͗V pot ͘ is replaced with the free energy
with Z(N,V,T) the isothermal partition function. This proper definition results in corrections to C i j (Born) . The leading correction terms C i j (fluc) are fluctuations of the ͑generalized͒ instantaneous strains. These terms have the form
where again the expectation values are evaluated in the NVT ensemble. As far as classical elastic constants are concerned, the only missing contributions C i j (kin) to the correct C i j stem from the ideal gas part of the partition function. These kinetic corrections are given by
or in tensor notation for cubic symmetry
͑5͒
Note that one has to properly symmetrize when using the ϭNk B T/2V, and C 12 (kin) ϭ0. While this kinetic contribution can usually be neglected in classical simulations, knowing the correct form is crucial for quantum systems as can be seen further below. Thus, in classical solids at nonzero temperatures, the elastic constants can be estimated as
The quantum statistical formulation of the partition function of N identical particles with mass m in terms of a pathintegral formulation 13 is given by
with (␤/ P) the thermal de Broglie wavelength at temperature ␤/ P and the effective potential V eff
͑7͒
Here, the coordinate of particle n at ''Trotter time'' t is denoted as R ជ nt and R nn Ј t denotes the distance between particle n and nЈ at ''Trotter time'' t. If exchange effects are neglected, one quantum point particle is represented by a closed classical ring polymer with the boundary condition R ជ nt ϭR ជ ntϩ P . The temperature at which the simulation of the representation of the quantum particles is done is PT. Strictly speaking, the quantum limit is only obtained for infinite large Trotter numbers P, however, for practical purposes, it is usually sufficient to choose PT in the order of two times the Debye temperature. This last statement is based on the following argument for monoatomic solids: If we take T D as an estimate for the largest ͑relevant͒ frequency max in the system, e.g., ប max Ϸk B T D , then it is possible to show that the systematic errors in ''phonon energy'' due to finite Trotter numbers ͑in the harmonic approximation͒ is not larger than 3%.
In the following, it is convenient to represent the position of the particles in reduced dimensionless variables r ជ nt and a ͑symmetric͒ matrix h ␣␤ that contains the shape and the size of the simulation cell such that
with 0рr nt␣ Ͻ1 and Vϭdet h. Spatial periodic boundary conditions are applied by subtracting or adding unity to r nt␣ once a molecular dynamics step has moved r nt␣ out of the allowed range. With this transformation, the integration over 
͑9͒
Combining Eq. ͑2͒ with Eqs. ͑6͒-͑9͒ then results in contributions to the elastic constants that resemble those obtained for classical systems. In particular, V pot in Eqs. ͑1͒ and ͑3͒ has to be replaced with V eff / P, and the factor Nk B T in Eqs.
͑4͒ and ͑5͒ has to be replaced with Nk B TP. If elastic constants are evaluated in an NpT ensemble use can be made of the relation
where C has to be represented as a 6ϫ6 matrix, where we again return to the Voigt notation.
B. Application to ideal gas
In order to discuss the expected statistical errors, it is helpful to consider different contributions to the elastic constants. In order to do this, we split the effective potential V eff into two parts, the real potential V pot and the remaining part of the right hand side of Eq. ͑7͒, which we call V q . The terms contributing to C i j can then be decomposed into the Born contribution C i j (Born) , a term C i j (Born-q) , which is obtained by replacing V pot in the definition of C i j (Born) with V q , the term associated with the fluctuations of the generalized stress C i j (fluc) , a similarly defined term C i j (fluc-q) stemming from fluctuations of ‫ץ‬V q ‫⑀ץ/‬ i , the cross correlation C i j (cross) between the two terms ‫ץ‬V q ‫⑀ץ/‬ i and ‫ץ‬V pot ‫⑀ץ/‬ j , and the kinetic contribution C i j (kin) .
All terms related to V q increase linearly in P in leading order as one can show in a particularly compact form if we exploit the harmonic character of the springs in the ''ring polymers,'' by introducing appropriate normal coordinates
with k q ϭ4m sin 2 (q/P)/(␤ប/P) 2 . For the ideal gas we obtain
͑16͒
while the estimator in the presence of a nonvanishing potential have the form
͑19͒
with ␦R nt␣ ϭR nt␣ ϪR ntϩ1␣ .
In the presence of a nonvanishing V pot , the individual terms C (Born-q) and C (fluc-q) will have a well-defined value in the limit of large P, while the leading kinetic contribution scale linearly with P. The net and properly symmetrized C i j , however, do have well-defined values in the limit P→ϱ, which are, of course, sensitive to the interaction potential V pot . For the ideal gas, the symmetrized results are listed in Table I . In a numerical calculation, it clearly will be a problem that individual terms in Eqs. ͑14͒-͑18͒ are of order P ӷ1 while the final result is of order unity.
C. Improved primitive estimators in PIMD
Here, we want to suggest how one can easily improve on the statistical properties of so-called primitive estimators in PIMD simulations. As a first step we define a function ␦K ␣␤ which measures how far the averaged tensor of the kinetic energy deviates from its expectation value
where m it represents the ͑kinetic͒ mass of particle n at Trotter time t ͑note that kinetic masses can be chosen arbitrarily independent of the physical mass 6 ͒ and v i␣ is the ␣ component of its velocity. ͗•͘ simul symbolizes an expectation value obtained in a simulation. Ideally, ␦K ␣␤ would be zero, but, due to finite statistics, finite time steps, and other round-off errors, we will usually find ␦K ␣␤ 0. It is very likely that this deviation ␦K ␣␤ will convert into a similarly large deviation in potential energy, in particular into V q for large Trotter numbers P. At large P, the external potential is locally only a small perturbation to the springs connecting neighbored beads on the ring. Due to the conversion of kinetic energy to potential energy, similar deviations from the exact thermodynamic average can be expected in V q . This makes it possible to define an optimized estimator for quantities associated with V q , namely,
Similar correction terms can easily be generalized to higher orders, e.g., deviations of ͗m it Born-q fluc-q sum 
In passing we want to explicitly give the improved estimator for the kinetic energy, which can be used in PIMD. It is similar to the so-called primitive estimator, 11 but the expression 3Nk B TP/2 arising in the original estimator is replaced by the actual average net kinetic energy. With the quantities introduced in Eq. ͑11͒, the average kinetic energy may simply be expressed as
As outlined above, the new primitive estimator benefits from the correlation of kinetic and potential energy in the isomorphic classical representation. This is demonstrated in Fig. 1 , where the average statistical deviation from terms of the type C 1111 are shown. Note that the statistical error of ⌬C 11 (Born-q) , which is identical to the statistical error of the original primitive estimator, increases much slower than the statistical error of the primitive estimator when examined originally. 11 This is due to the development of efficient sampling methods in the meantime 6 which suppress slowing down with increasing P. The new estimator has a strongly reduced statistical noise as compared to the original one, yet, results in the correct expectation value. Furthermore, using larger time steps than in our production runs, we have noticed that systematic errors due to finite time steps, are considerably reduced as well with the new estimator. We want to note that in later production runs for strongly quantum mechanical systems such as solid 3 He, statistical error bars obtained with the new estimators are as small as statistical error bars associated with the so-called virial estimator.
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D. Elastic constants under pressure
Care has to be taken when discussing elastic constants of systems under pressure, because their definition is not unique.
14 One commonly distinguishes between the so-called Birch coefficients B i j and the elastic constants C i j . They are defined as the second derivative of the free energy with respect to the Lagrangian strain and the ''regular'' strain, respectively. The relation between B i j and C i j merely depend on the externally applied stress but not on the symmetry of the crystal. In the case of hydrostatic pressure, the relations are given by 14 B i j ϭC i j ϩ⌬ i j ͑23͒
with ⌬ ii ϭϪp for 1рiр6, ⌬ i j ϭϩp for iр3, and jр3 with i j, and zero else. The generalization of our previous estimator of C i j to the nonzero pressure case are as follows: Evaluation of the strain fluctuations as indicated in Eq. ͑10͒ result in the Birch coefficients, while the formula given for zero-pressure C i j in the NVT ensemble enables us to calculate C i j at nonzero pressures.
Note that the proper stability criterion for solids under pressure is a positive definite matrix of Birch coefficients rather than a positive definite matrix of elastic constants. 15 It is important to keep in mind that symmetry relations of C i j which are obtained under the assumption of short-ranged two-body potentials are not valid for B i j in the case of any nonzero externally applied stress.
14
E. Simulation method
Simulations are carried out in both, the NpT and the NVT ensemble. Molecular dynamics are favorable over Monte Carlo simulations in the constant stress ensemble (NpT), because all variables are averaged simultaneously-in particular all elements of the strain tensor. In order to keep the externally applied stress tensor constant, the ParrinelloRahman method 16 has been applied to the classical representation which is isomorphic to the quantum system. The classical representation is defined by Eqs. ͑6͒ and ͑7͒. More details are given elsewhere 17 on how to efficiently collapse the time scales associated with the different motions of the system such as the intramolecular breathing of the closed classical ring representing the quantum point particle, the center-of-mass motion of the ring, and the fluctuations of the cell geometry.
III. APPLICATIONS
A. Argon
Argon is a convenient test case for the calculation of quantum-mechanical elastic constants, because it lies in between what is considered a quantum solid like solid helium under pressure, and what is considered a ''classical'' solid such as solid xenon. For the argon test case, we intend to determine the shift of the quantum mechanical elastic constants with respect to the classical elastic constants and the relative importance of the individual contributions to the net result. The results will be an indicator for what we can expect from the quantum mechanical shift in the elastic constants of other solids.
First, we compare classical to quantum mechanical calculations in Fig. 2 , where results in the NpT and the NVT ensemble are shown. In the simulations of argon, a Lennard- Jones ͑LJ͒ potential Vϭ4⑀͓(/r) 12 
Ϫ(/r)
6 ͔ was used with parameters ⑀ϭ1.67ϫ10 Ϫ21 J and ϭ3.405 Å with a cutoff radius of 9 Å . Interactions with atoms outside the cutoff radius were not taken into account in terms of a meandensity approximation. All simulations were based on system sizes Nϭ500 and statistics of 5ϫ10 5 time steps. The Trotter number in the quantum runs has been chosen such that PTϭ120. Increasing P any further does not change the results within the statistical error bars.
In Fig. 2 , it can be seen that there is a considerable discrepancy between classical and quantum mechanical elastic constants. The quantum C 11 levels at about Tϭ15 K and one may extrapolate C 11 Ϸ3.5 GPa for the quantum mechanical ground state, while classically, C 11 Ϸ4.2 GPa at zero temperature. The relative effects in C 12 and C 44 are similar. Note that this effect of a O(20%) reduction in C 11 is considerably larger than the increase in the lattice constant a of about 1% ͓a quantum (Tϭ0)ϭ5.340 Å , a class (Tϭ0) ϭ5.276 Å ] or the decrease of 10% in the heat of formation
The bulk of the reduction in C 11 does not stem from the expressions introduced in Sec. II A. There are two important contributions, namely, the Born term and the term related to the fluctuation of the Lennard-Jones potential. Details are given in Table II . The classical system at Tϭ0 K has only one nonzero contribution, namely, C 11 (Born) ϭ4.2 GPa. As expected, differences between classical and quantum results become negligible as the temperature approaches ͑or surpasses͒ the Debye temperature, which in the case of argon is T D ϭ93 K.
It is worth emphasizing that we did not intend to improve the theoretical predictions for the elastic constants of argon. This would have required the use of three-body potentials, 18 e.g., quantum effects in argon fail to reproduce the sign of the violation of Born's symmetry relation C 12 ϭC 44 . This relation is valid for ''classical'' cubic solids at zero temperature interacting with sufficiently fast decaying central potentials. We rather focused on calculating the shifts in the elastic constants due to quantum effects without uncontrolled approximations for a specific model system. Our calculations can then be compared to other studies which also typically use LJ potentials. A comparison with an improved selfconsistent ͑ISC͒ phonon theory such as presented in Ref. 19 seems appealing. Unlike path integral simulations, ISC phonon theory is not free of uncontrolled approximations, but it is computationally less demanding than PIMD. The lowtemperature PIMD simulations predict similar values in C 12 and C 44 as ISC, but a smaller value in C 11 , e.g., PIMD: C 11 ϭ3.50, C 12 ϭ1.96, C 44 ϭ2.02, classical MD: C 11 ϭ4.14, C 12 ϭ2.35, C 44 ϭ2.35, while ISC theory: C 11 ϭ3.98, C 12 ϭ1.92, C 44 ϭ2.01. ͑units are GPa and statistical errors of our data is about 0.02 GPa͒. Note that the ISC calculations were based on slightly different interactions: Only nearest neighbor interactions were used, but the LJ parameters were adjusted to compensate for effects due to small cutoff radii. The comparison nevertheless suggests that the reduction in the elastic constants due to quantum effects is too small in an ISC treatment, even if the final result is closer to the experimental values, i.e., the low-temperature experimental isothermal bulk modulus is B T ϭ(C 11 ϩ2C 12 )/3Ϸ28.6 GPa, 20 which agrees better with the ISC result than with the PIMD result.
B. Helium
While argon shows significant differences between classical and quantum mechanical elastic constants, the corrections due to the kinetic energies are fairly small. Helium, in particular 3 He, is much more ''quantum'' than argon and therefore a more challenging test case than argon. The solid forms of 3 He are only stable under pressure. 21 Hence, we have to distinguish between elastic constants and Birch coefficients. There are three different, stable 3 He lattice structures: the bcc phase is mostly stable in the interval 22 which is known to be fairly reliable up to moderate pressures. Exchange effects are neglected. In the temperature regime accessible to our simulation they are generally believed to be unimportant. The transition to a longrange ferromagnetic and antiferromagnetic transitions in hcp and bcc 3 He, respectively, only take place at temperatures in the mK regime.
fcc 3 He
In this subsection, we will focus on one particular representative point in the stable fcc phase, because it is computationally very demanding to calculate elastic constants. In order to be able to work with relatively small Trotter numbers, it is necessary to go to large temperatures and low pressures. Yet, we want to avoid to be too close to a phase transition, e.g., the fcc fluid phase transition. The combination of Tϭ18 K and pϭ200 MPa seems to be an appropriate choice: The quantum limit is basically reached with Trotter number Pϭ32 and the transition to the fluid phase takes place at sufficiently higher temperature, namely, at T ϭ22 K. Although the thermodynamic stability field of the hcp phase is located at temperatures TϽ18 K for the applied pressure, one may certainly expect metastability of the fcc phase in the time window accessible to our simulations.
The different C i j along with their individual contributions are listed in Table III . It is interesting to note that the Cauchy relation C 12 ϭC 44 for cubic crystals with central potentials basically also hold for the quantum solid, e.g., C 44 /C 12 Ϸ0.95, while the Birch coefficients do not: B 44 /B 12 Ϸ0.50. See Sec. II D for the definition and the relevance of Birch coefficients. It is instructive to represent the individual contributions to C 11 graphically, which is done in Fig. 3 . It is noticeable that the sum of the corrections to C 11 which are related to the kinetic energy is relatively small, while the individual contributions are fairly large. Yet, the solid is far away from being classical. The kinetic energy of 3 He is about 88.9k B K, which is considerably larger than the thermal classical energy of 1.5k B ϫ18Kϭ27k B K, thus T/T Debye Ͻ0.3. ''Classical'' helium would have C 11 ϭ1.63 GPa at the same external temperature and pressure. From Fig. 3 we can see that it is possible to approximate the elastic constants fairly reasonably if only the Born contribution and the contribution due to the fluctuating real potential are included into the calculation.
bcc 3 He
The bcc phase can be considered to be the most interesting solid helium phase, because it is classically unstable. fcc and hcp phase can both be considered to be classically stable at low temperatures, because their free energy differences are small. An unusual phenomenon in the ͑quantum mechanical͒ bcc phase is the radial distribution function g(r). The peaks in g(r) cannot easily be related to nearest neighbors, next neighbors, etc., as in classical solids, where the first peak in g(r) is related to nearest neighbors, the second peak to next nearest neighbors, etc. Every peak in g(r) of bcc 3 He comprises at least two shells. This is shown in Fig. 4 . The final g(r) can be interpreted as a sum of broadened individual lines, which are represented in Fig. 4 as well.
In the case of 3 He, some experimental data is available for the elastic constants or Birch coefficients. In Fig. 5 , we compare the B i j calculated in our study with the available experimental data and some theoretical predictions. Simulations at three different combinations of pressures and temperatures were performed: p 1 ϭ10 MPa with T 1 ϭ2 K, p 2 ϭ7 MPa with T 2 ϭ1.5 K, and p 3 ϭ4 MPa with T 3 ϭ1 K .   FIG. 3 . Individual contributions to C 11 of fcc 3 He at pressure pϭ200 MPa and temperature Tϭ18 K. ͑a͒ Born, ͑b͒ fluc, ͑c͒ kin, ͑d͒ Born-q, ͑e͒ fluc-q, and ͑f͒ cross. ''corr'' summarizes ͑c͒-͑f͒. Trotter number Pϭ32 and number of particles Nϭ500.
FIG. 4. Radial distribution function g(r) times r
2 as a function of distance r for bcc 3 He at Tϭ2 K and Pϭ10 MPa. The broken lines indicate the distance of nearest neighbors, next neighbors, etc. The width of the broken lines is proportional to the number of atoms in each shell. In all cases, Trotter numbers of Pϭ256 were found to reflect the quantum limit sufficiently well, and the particle number was Nϭ432. The elastic constants can be assumed to be mainly temperature independent, as the temperatures are far below the Debye temperatures, e.g., the ratios q i ϭ͗T kin ͘/1.5k B T which are close to unity at the Debye temperature turned out to be q 1 ϭ10.27, q 2 ϭ12.22, and q 3 ϭ15.4. For bcc 3 He, the ͑relative͒ corrections in C i j which are related to the kinetic energy are much larger than in fcc 3 He. This can be seen in Table IV : the corrections make up nearly 80% of the total C 11 for a pressure pϭ4 MPa and about 30% for a pressure of pϭ10 Pa ͑not explicitly shown in tables͒. We want to note that the elastic constants obtained in the NVT ensemble and in the NpT ensemble agreed within the statistical error bars.
hcp 3
He hcp 3 He has more independent elastic constants than bcc and fcc 3 He, respectively. The trend in all elastic constants, however, is yet again the same as in bcc or fcc helium: the larger the pressure the more dominant the ''classical'' contribution to the elastic constants. Note that on the other hand, the absolute corrections due to the kinetic energy increase with increasing pressure. Details of the calculations are given in Tables V and VI. Note that the classical elastic constants would be nearly three times as large as the quantum mechanical elastic constants at a pressure pϭ90 MPa and even more than seven times as large in the case of pϭ15 MPa.
Due to the good agreement with the experimentally measured bulk modulus, see Fig. 5 , one may expect our quantum mechanical data to be fairly accurate. To our knowledge, the values presented in Tables V and VI are predictions. No theoretical or experimental data is known to us.
C. Kinetic energy of solid 3 He
The calculation and measurement of kinetic energies
͗T kin ͘ in condensed helium phases has attracted a lot of recent attention. Condensed helium is highly quantum mechanical and therefore provides an ideal test ground for the application of many-body quantum statistical theories. Recent experimental developments have made it possible to measure kinetic energies with great accuracy and thus provide important tests on the theories.
The data for ͗T kin ͘ presented in this study complements path integral Monte Carlo data by Draeger and Ceperley, who used a two-body interaction potential similar to the one used in this work. 26 In particular, data for the bcc phase and the low-pressure hcp regime are presented here, see Fig. 6 . Our PIMD simulations agree well with zero-temperature diffusion Monte Carlo data by Moroni et al. 27 who emploied three-body potentials in addition to the two-body interactions. We would like to emphasize that in both path integral studies ͑Ref. 26 and this work͒ relatively high temperatures were taken in the high-pressure regime with small average atomic volume of VϽ20 Å 3 , e.g., the ratio of kinetic energy to thermal energy qϭ2͗T kin ͘/3k B T is only slightly larger than three. Of course, this is still well below the Debye temperature, but some thermal activation will be present. where A and ␣ are fit parameters. A and ␣ turn out to be ␣ Ϸ1.78 and Aϭ16100 if V is expressed in Å 3 per atom and kinetic energies in units of k B K. Within the regime considered here, our data is reflected within 1.5% accuracy. In the bcc phase, this fit underestimated ͗T kin ͘ by about 1.5%, in the hcp phase, ͗T kin ͘ is slightly overestimated. The value of ͗T kin ͘ near the quantum mechanical ground state seems to be mainly a function of the molar or atomic volume onlyrelatively insensitive to the actual crystalline phase.
We want to emphasize that the data points in Fig. 6 which turn out to be larger than the values suggested by the fit, all have relatively small values of the quantum parameter q. Thus, going to even smaller values of q, which is computationally expensive, might even increase the quality of the fit. Omitting all data with qϽ5, an exponent of ␣ϭ1.75 is found. It is quite surprising that the birch coefficients depend exponentially on the molar volume ͑Fig. 5͒, the quantum mechanical ground state kinetic energy, however, only changes algebraicly with V. Some of our 3 He data ͑kinetic energy, total energy, compressibility͒ is summarized in Table  VII .
IV. CONCLUSIONS
Expressions for the elastic constants of quantum solids have been presented in terms of a path integral representation in the NVT ensemble. These expressions have then been applied and proven useful in path integral molecular dynamics simulations of solid argon and hcp, fcc, and bcc 3 He. In the NpT ensemble, the classical formula can be used which relates strain fluctuations with elastic constants or-in the case of nonzero external pressure-with Birch coefficients. With the exception of hcp and bcc 3 He, the NVT expressions were dominated by the terms which one knows from classical simulations: the Born term and the potential fluctuation term. In the case of bcc 3 He, terms related to the kinetic energy dominate the elastic constants.
The quantum mechanical motion of the particles shows a stronger effect on the elastic constants than one might expect. For example, in the case of argon at zero external pressure, the quantum mechanical C 11 is reduced by about 20%, while cohesion energy and lattice constants are only decreased by 10% and increased by 1%, respectively. Hence, in order to have truly accurate estimates for elastic constants from computer simulations, quantum effects need to be taken into consideration.
While deriving the expressions for elastic constants, an improved primitive estimator for the kinetic energy has been proposed. The statistical uncertainties of this estimator do not increase with increasing Trotter number. Due to short correlation times, the improved primitive estimator results in statistical error bars smaller but in the order of the virial estimator for highly quantum systems such as solid 3 He. However, unlike the virial estimator, the improved primitive estimator can only be used in path integral molecular dynamics, but not in Monte Carlo simulations.
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